It is shown that dark solitons display an inherent instability for a strong saturation of the nonlinear refractive index provided that the background intensity exceeds a certain critical value. Such an instability manifests itself as a drift of a black soliton that transform into a gray soliton and radiation.
Recent experiments with generation of spatial dark solitons 1, 2 and optical vortex solitons 3, 4 revealed the importance of this type of soliton for all-optical applications. Optical dark solitons are of both fundamental and technological importance if they are also stable under propagation. Temporal dark solitons in fibers are supported by weak (Kerr) law nonlinearity described by the integrable nonlinear Schrödinger (NLS) equation (see, e.g., Ref. 5 , and references therein), and they are therefore stable. However, much greater powers are usually required for generating spatial solitons, so in this case the nonlinear refractive index n nl ͑I ͒ of a real optical material deviates from Kerr law, and it saturates at greater light intensities. Physical mechanisms behind the nonlinearity saturation may be quite different, but the effect itself is usually described by phenomenological models introduced long ago (see, e.g., Ref. 6) .
Generally speaking, in the framework of a phenomenological approach the function n nl ͑I ͒ should be characterized by three independent parameters that can be measured experimentally, namely, the Kerr coeff icient n 2 ; the maximum change of the refractive index, n`; and the saturation intensity I sat . All these values have a simple physical meaning. First, we assume that small intensities (i.e., for I , , I sat ) have a familiar linear dependence known as the Kerr effect, n nl ͑I ͒ ഠ n 2 I, where n 2 characterizes the Kerr effect of an optical material. For larger intensity, I . . I sat , the refractive index saturates and approaches its maximum value, n nl ͑I ͒ ഠ n`. To introduce these three independent parameters, n 2 , n`, and I sat , here we consider a generalized model of the nonlinearity saturation,
The parameter p can be then determined from the Kerr dependence, giving us p jn 2 jI sat ͞jn`j. It seem to us that the model in Eq. (1) can describe the refractiveindex saturation more adequately than the particular case of Eq.
(1) at p 1 corresponding to the familiar two-level model. At p 1 the model in Eq. (1) is used more often; it was also found to describe photovoltaic spatial solitons. 7 It is generally believed that the nonlinearity saturation leads to a stabilization of self-localized beams and optical solitons. For example, saturation of the nonlinear refractive index is an important physical mechanism (see, e.g., Ref. 8, and references therein) for suppressing wave collapse, an unlimited growth of the wave amplitude in the framework of the (2 1 1)-dimensional NLS equation. However, in this Letter we show that, in a sharp contrast to the case of bright solitons, the nonlinearity saturation can generate a drift instability of dark solitons for larger background (or smaller saturation) intensities.
Stationary-wave propagation in defocusing (n`, 0) non-Kerr materials is described by a generalized NLS equation for the dimensionless envelope of the electric field, C E͞ p I m ,
where for the saturable nonlinearity [Eq. (1)] we have
and the propagation and transverse coordinates, z and x, respectively, are measured in units of k 0 jn`j and k 0 ͑n 0 jn`j͒ 1/2 , respectively. Here I m is the maximum (background) intensity, k 0 is the free-space wave number, and n 0 is the linear refractive index. Dimensionless parameter a I m ͞I sat characterizes the nonlinearity saturation.
The family of dark solitons of the generalized NLS Eq. (2) is defined as
where b f ͑q͒, j x 2 vz, du͞dj v͑1 2 q͞F 2 ͒͞2, and the real function F͑j͒ tends to nonzero boundary conditions at infinity, F 2 ͑j͒ ! F`2 ϵ q 1 as jjj ! . The limiting case v ! c, where c ͓22qf 0 ͑q͔͒ 1/2 is the sound speed of linear waves, corresponds to smallamplitude dark solitons, 5 and for v ! 0 the soliton [Eq. (4)] becomes black, and its minimum intensity I min vanishes. Only for the case of p 2 is the soliton [Eq. (4)] known analytically 9 ; otherwise it should be found numerically for different v and p.
As was shown in Refs. 10 and 11, the soliton renormalized momentum,
plays a key role in the formulation of the variational principle for dark solitons, and its also determines stability of dark solitons. Fig. 2(a) , below]. In this case, the black soliton corresponds to the phase jump Du͑0͒ p.
The criterion for dark-soliton instability was suggested in Ref. 11, and it was conf irmed by a rigorous analysis based on the multiscale asymptotic technique. 13 According to this criterion, a dark soliton of generalized NLS Eq. (2) with the initial velocity v 0 becomes unstable provided that ͑≠P s ͞≠v͒ vv0 , 0, 12 and the growth rate of linear instability is given by
with positive M s ͑v͒ defined as
where the total phase shift across dark soliton Du͑v͒ was introduced above and N s ͑v͒ is the so-called soliton complementary power, N s ͑v͒ 1 /2 R 12`͑ F 2 2 q͒dj. Linear analysis does not enable us to understand the development and character of the instability-induced dynamics of a dark soliton, which is determined by the global properties of the soliton renormalized momentum [Eq. (5)] defined, in turn, by nonlinearity f ͑I ͒. We consider here the saturable nonlinearity [Eq. (3)] and investigate both linear and nonlinear regimes of the instability. Explicit solution for a dark soliton is only known for p 2, 9 so that for p fi 2 we find stationary solutions in the form of Eq. (4) numerically and calculate the soliton renormalized momentum according to Eq. (5). Analyzing soliton momentum P s ͑v͒ for the model in Eq. (3) reveals that there is always a critical value of the saturation parameter a cr ͑ p͒ at which the function P s ͑v͒ has a branch with a negative slope, which indicates the appearance of unstable dark solitons. We further analyze the development of this instability and present some typical results for the case of p 1 when a cr ͑1͒ ഠ 29. Figure 1 displays the dynamics of an initially perturbed black soliton for a . a cr ͑1͒. We select a relatively large value of the saturation parameter, a 200, to make all the instability-induced transitions more visible on shorter distances. For small initial perturbations of its intensity, the unstable black soliton displays a drift-type evolution transforming into a gray soliton [ Fig. 1(a) ], which belongs to a stable branch, ≠P s ͑v͒͞≠v . 0 [ Fig. 1(b) ]. A change of the minimum soliton intensity [ Fig. 1(c) ] shows an initial, exponential growth of the perturbation upon the unstable black soliton and the subsequent saturation at the level corresponding to a stable gray soliton. Such drift-type instability is accompanied by strong radiation emitted in front of the dark soliton.
Development of the drift instability for a gray soliton basically occurs in the same manner, but this effect can be better understood by analysis of the equivalent problem of a dark soliton on a moving background, as presented in Fig. 2 . The novel feature is asymmetric transitions for positive and negative perturbations (marked by the indices 1 and 2, respectively). An unstable gray soliton with an initially increased minimum intensity (curves marked by the index 1) transforms into a stable, grayer soliton with larger minimum intensity and greater velocity. On the other hand, for the initially decreased intensity [curves 2 in Figs. 2(a), 2(c), and 2(d) ] the soliton evolution undergoes two stages. At the first stage, the soliton changes almost adiabatically until its minimum intensity vanishes [ Fig. 2(c) ], and the gray soliton becomes black. The second stage is explained by the instability of the black soliton: The black soliton undergoes a rapid transition to the stable gray soliton, which moves in the direction opposite to that of the initially perturbed unstable dark soliton.
Such a drift instability of dark solitons has been found for other values of p in the model in Eqs. (2) and (3). The condition ≠P s ͑v c ͒͞≠v 0 allows us to find the instability threshold, using the soliton prof iles calculated numerically. In Fig. 3 we present the results of the stability analysis for black solitons as the dependence a cr 21 ͑ p͒. Thus we reveal that for any p a black soliton of the model Eqs. (2) and (3) becomes unstable for a ϵ I m ͞I sat . a cr ͑p͒, i.e., for larger background (or smaller saturation) intensities. Now we investigate the conditions under which the drift instability can manifest itself for generating spatial dark solitons in certain types of nonlinear materials. In the standard experiments with Rb vapor irradiated with a cw Ti : sapphire laser near the D 2 resonance line (see, e.g., Ref. 4), the estimated saturation intensity is I sat 1-5 W͞cm 2 , whereas the maximum intensity used may be quite large, I m 50 -60 W͞cm 2 . This estimate gives the interval a 10-60, which includes unstable solitons. Because the exact value of p can be larger than p 1, a black soliton can be unstable in such material. In contrast, the photovoltaic effect saturates at very large intensities, so that for dark photovoltaic solitons 2 the maximum input intensity reported is 10 W͞cm 2 , leading to a 10 at p 1, 7 so that the drift instability of dark solitons is hardly expected in these materials.
In conclusion, we have demonstrated the existence of a drift-type instability of black solitons owing to saturation of the nonlinear refractive index. This instability is observed as a transformation of a black soliton to a gray one, with strong radiation emitted. 
